THE BELLMAN-FORD ALGORITHM
AND “DISTRIBUTED BELLMAN-FORD”

DAVID WALDEN

1. SOURCE OF THE NAME

In the spring of 2003, I began to wonder about the history of the Bellman-Ford
algorithm [CLRS01] for finding shortest paths in a graph. In particular, I was
interested in understanding when Bellman’s name and Ford’s name became jointly
associated with the algorithm.

To research these questions, I made trips to the BBN Technologies and MIT
libraries, did Web searches, and sent emails to university professors who taught
courses or wrote books on algorithms, parallel processing, or routing in networks.
I didn’t find the source of the joint name in the several weeks before I grew tired of
searching the massive literature on shortest path algorithms.! However, I did learn
a good bit, as described below.

Two highly regarded books give some history of the algorithm.

Lawler [Law76] introduces “Bellman’s equations,” and the Bellman-Ford method,
referring to Ford’s 1956 RAND note [For56] and Bellman’s 1958 paper [Bel58]. He
also cites Moore’s 1957 [Moo59] paper, saying the Moore’s method is more like
Dijkstra’s [Dij59].

Tarjan [Tar83] introduces Ford’s “labeling method” [For56], and then a breadth-
first method based on the independent ideas of Bellman [Bel58] and Moore [Moo59).
He doesn’t appear to give a name to what he describes.

Deo and Pang’s large bibliography [DP84] also points to these three papers,
saying, “Algorithms that solve the single-source problem are usually based on the
methods proposed by Bellman [Bell 58], Dijkstra [Dijk 59], Ford [Ford 56], and
Moore [Moor 59].”

Therefore, I acquired and read the Ford [For56], Moore [Moo59] and Bellman
[Bel58] papers. My summary and assessment of what I learned follows (but I am not
a professional mathematician, so I may not have correctly understood everything I
read).

Ford’s 1956 paper. Ford sets up a system of linear inequalities for what he calls
Problem B in his paper. He then writes down the dual problem,

(1) T; + lij > X
(2) To = 0
(3) maximize

f you know where Bellman’s name and Ford’s name first became associated jointly with this
algorithm, please let me know.
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where z; is the current approximation of the distance from the source node 0 to
destination ¢ and l;; is the length from node ¢ to node j. He next turns inequality
1 above into the inequality,

Finally, Ford gives a “computing procedure”:

Assign initially 9 = 0 and x; = oo for ¢ # 0. Scan the network
for a pair P; and P; with the property that ; + [;; > x;. For this
pair replace x; by x; + lj;. Continue this process. Eventually no
such pairs can be found, and zy is now minimal and represents the
minimal distance from Py to Py. Clearly if no such pairs can be
found, the system [equations 1-3 above] is satisfied.

So, this “computing procedure” is sort of like Bellman-Ford as it is often de-
scribed today except that no useful order is given for iterating over the nodes and
edge weights.? Ford finishes by giving an optimality proof.?

Moore’s 1957 paper.* Moore sketches four methods which he calls algorithms
in his paper. Algorithms A and D are relevant to the Bellman-Ford question. His
algorithm works as follows (he describes his “algorithms” by giving examples of
processing a specific graph, which I paraphrase here):

Write 0 on the source. Then look at all the neighbors of the source
and write 1 on them. Then look at all the neighbors of nodes with
1 on them and write 2 on them. And so on.

Algorithm A counts by one from node to node, and Algorithm D counts by the
edge-weights from node to node.?

Moore’s example for algorithm D includes replacing an earlier higher value with
a new lower value when a node is hit for a second time. He doesn’t appear to show
leaving the earlier value there if it is already lower. Nonetheless, I can intuit a
way to implement Moore’s algorithm involving queuing (and sometimes requeuing)

20f course, “Scan the network for...” does not preclude the order used in the contemporary
statement of Bellman-Ford.

3Some authors cite Ford and Fulkerson as the source of the Bellman-Ford algorithm. They
give the following description of the “algorithm” [LFF62, page 131]:

(1) Start by assigning all nodes labels of the form [—, w(x)], where

w(s) = 0,7 (x) = oo for x # s.

(2) Search for an arc (z,y) such that 7(z)+a(z,y) < 7(y). (Here co+a = 0.)
If such an arc is found, change the label on node y to [z, (z) + a(z,y)], and
repeat. (That is, the new 7(y) is n(z + a(z,y)).) If no such arc is found,
terminate.

Compare the description of in Ford and Fulkerson [LFF62, page 131] with the description
quoted above from [For56, page 9]; the former is a more formal looking version of the latter and
includes saving the actual route as the modern statement of Bellman-Ford does.

4According to the cover of the reprint in a Harvard library, Moore presented his paper at a
1957 conference on theory of switching, but the conference proceedings was not published until
1959.

5Moore’s paper also traces the way back to the source from the destination, e.g., to set up the
shortest path circuit in a telephone switching application.
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the nodes to be processed in sensible order (i.e., working the way from neighbor to
neighbor from the source).’

Bellman’s 1958 paper. Bellman gives a set of dynamic programming equations,
where f; is the time to travel from source node i to destination node N, and T is
a matrix where the elements ¢;; are the time to travel from node i to node j:

(5) fi=minlti; + £, i=1.2,....N -1
i#j

(6) In=0

Then he suggests we can solve these, for suitable initial conditions fi(o) (the super-
script (0) means the 0’th, i.e., initial, approximation of f;).

For instance, use equations 5 and 6 as an algorithm to be repeated k times (equa-
tions 8 and 9 below), for which Bellman suggested the initial conditions indicated
by equation 7.

(7) FO =y, fori=1,2,...,N
k . k .
(8) fi( ) = Iggl[tij —&-fj( )], fori=1to N—1
(9) ty =0
Execute equations 8 and 9 for £k = 0,1, 2,..., until the solution is converged upon

(f*) means the k’th approximation).
Bellman’s method is like Ford’s method except Bellman runs over the nodes in
the order in which they are numbered and does this indefinitely many times.”

Thus, from equations 7-9 we can see an algorithm that can be transliterated into
computer code. This is essentially the basic algorithm that many people today
describe as Bellman-Ford. Of course, the contemporary statement of the algorithm
typically has ¢ looping from 1 to N — 1, sets fs(k) = 0 for destination s (or source
s), and recognizes that k only has to run from 1 to N — 1. The contemporary
statement of the algorithm also includes another loop to discover negative cycles.

The transliterated algorithm (without the extra negative cycles loop) would look
something like what is shown in Figure 1, more or less copied from [CLRS01]. The
algorithm of Figure 1 also records the actual path to follow. To run the Bellman-
Ford algorithm for all sources, the algorithm of Figure 1 is repeated for s = 1 to
N.

SMy mental image of an algorithm for Moore’s method is shown in the appendix (Figure 4). In
thinking about this, I have only considered the case of non-negative edge weights. This intuitively
obvious (to me) way of implementing Moore’s method with a queue seems (to me) to be sort of
a cross between Dijkstra’s algorithm and Bellman’s algorithm; it processes the nodes in a more
sensible order than Bellman’s but not quite as perfect an order as Dijkstra’s.

"This arbitrary order clearly would involve a lot of wasted steps (e.g., comparing infinity with
infinity plus an edge-weight). Although the nodes could be renumbered so the processing order
was somewhat more sensible, in some sense that would involve solving the problem in order to
improve solving the problem.



%The data structures for this algorithm are a single vector d, a

% single vector pi, each with an element for each v in the
% set of vertices V, and a matrix w(i,j) where each element
% is the weight (distance) from vertex i to vertex j, i.e.,
% there are finite entries for edges in the set of edges E.
%Initialize for the source s -- parallels equation 7 of this paper

do for each vertex veEV
d[v] «— o©
pilv] « nil

end do for each

d[s] «— 0

%Compute the distances from s to all other v;
yA parallels equations 7 and 8 of this paper
for k = 1 to the number of vertices minus 1
do for each edge(i,j)€E
if d[j] > d[i] + w(i,j) then
dl3] «— dli] + w(i,3)

piljl <« i
end if
end do for each
end for

%negative path loop (with true/false return) omitted here

FIGURE 1. Typical example of pseudo code for the contemporary
statement of the Bellman-Ford algorithm

2. BELLMAN-FORD AND ARPANET ROUTING

My ulterior motive in researching the question of Part 1 of this note was to under-
stand how the name of the Bellman-Ford algorithm for shortest paths became asso-
ciated with the routing algorithm implemented in the ARPANET in 1969 [HKO*70].%

In 1975 Bertsekas and others at MIT began studying network routing algorithms
[Woz76], including learning the details of the original ARPANET routing algorithm
[MWT77]. In particular, Bertsekas worked with McQuillan et al. at BBN in the
summer of 1978 (looking at stability properties of the algorithm that replaced the
original ARPANET algorithm), and he published the first convergence and validity
analysis of the original ARPANET algorithm in [Ber82].

In 1980, Schwartz and Stern published a widely know paper [SS80] on routing
techniques in networks that described two basic algorithms. Algorithm A, they said,
was “due to Dijkstra [Dij59]” and was well “adapted for centralized computation,
while [algorithm] B, a form of Ford and Fulkerson’s algorithm, is particularly useful
in distributed routing procedures.”® Later in the paper they cited the ARPANET

8A sketch of the ARPANET algorithm can be found in Figure 3.
9Although Schwartz and Stern cite Ford and Fulkerson [For56] for their algorithm B, they
describe the algorithm of [Bel58].
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from 1969 and said it’s routing algorithm “was essentially our algorithm B ... with
information necessary for node updates passed among neighbors at 2/3 s[econd]
intervals.” 10

In 1987, Bertsekas and Gallager’s popular book [BG87] described the original
ARPANET implementation and then defined a very similar algorithm which they
named “distributed, asynchronous Bellman-Ford.” They defined the algorithm as
shown in Figure 2.

At each time ¢, a node 7 # 1 has available:
D (t):: The estimate of the shortest distance of each neighbor
node j € N(¢) which was latest communicated to node 4.
Di(t):: The estimate of the shortest distance of node i which
was latest computed at node ¢ according to the Bellman-Ford
iteration.
The distance estimates for the destination node 1 are defined to
be zero, so
D, (t) =0, for all t >t
Di(t) =0, for all t >ty, and ¢ with 1 € N(0)
Each node i also has available the link lengths d,;, for all j € N(4),
which are assumed positive and constant after the initial time ¢g.
We assume the distance estimates do not change except at some
times tg, t1, to, ..., with £,,41 > t,,, for all m, and t,, — oo as
m — 00, when at each processor i # 1, one of three events happens:
(1) Node i updates D;(t) according to

Dit = i dl Di‘t
(t) jg};r(lt)[ i+ Dit]

and leaves the estimate D’ (t), j € N (i) unchanged.

(2) Node i receives from one or more neighbors j € N (i) the value
of D; which was computed at node j at some earlier time,
updates the estimate D;-, and leaves all other estimates un-
changed.

(3) Node i is idle in which case all estimates available at ¢ are
unchanged.

FIGURE 2. Bertsekas-Gallager definition of distributed asynchro-
nous Bellman-Ford algorithm (from pages 327-328 of their book)

These days—a time of much interest in network routing and in parallel processing—
many books and courses describe versions of the original ARPANET routing algo-
rithm, often just describing it as a distributed version Bellman-Ford. This is sort
of accurate—given the Bertsekas-Gallager 1987 definition which was close to the
1969 ARPANET implementation and given how general Ford’s original specification
[For56, LFF62] of the algorithm is. However, some authors and teachers describe
the original ARPANET routing algorithm as “derived from Bellman-Ford”; this is

10This was the earliest attribution I found of the original ARPANET routing algorithm being an
implementation of the Bellman-Ford algorithm. Please let me know if you know of earlier papers.
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inaccurate. It would be more precise to say that the original ARPANET routing
algorithm was “an original distributed development of a shortest path algorithm of
the Ford class.”

Some books (e.g., [WA98] on parallel processing) call the distributed version of
the algorithm Moore’s algorithm.!

3. ASSESSMENTS AND ASSERTIONS

I noted at the end of the previous section that there is a logical argument why
the original ARPANET distance vector'? routing algorithm is a distributed version
of Bellman-Ford:

e Bertsekas and Gallager [BG87] define an algorithm they call distributed
Bellman-Ford, and their algorithm is very similar to the ARPANET algo-
rithm.

e Ford [For56, LEF62] specified hunting for edges which minimize the distance
to some destination until there are no more. No order of edge processing
or number of iterations is suggested. Thus, the ARPANET algorithm is an
implementation of an algorithm of the Ford class.

In this section I argue why I think that argument is a stretch and the ARPANET
algorithm is really quite unique.

As mentioned in the previous section, the ARPANET DV algorithm was implemented
in 1969. It was sketched in [HKO™70], presented in many public but unpublished
presentations in 1969 and the early 1970s (e.g., [Wal72, Wal74]), and described in
detail in [McQ74] and [MW77, pages 232-233].1% A sketch of the implementation
is shown in Figure 3.

As Bertsekas has said [Ber03], “The distributed asynchronous Bellman-Ford al-
gorithm that was originally implemented in the ARPANET in 1969 was quite an
original, and the theory for it came much later.” It is particularly inaccurate to say
the ARPANET DV algorithm was “derived from” Bellman-Ford because:

H, me, Moore’s algorithm (Figure 4) does seem closer to the original ARPANET algorithm than
Bellman-Ford’s algorithm (Figure 1) does. Moore’s 1957 paper also mentions the possibility of
asynchronous update at a particular node, which is perhaps why some authors call the distributed
algorithm Moore’s algorithm.

1211 this section, I will use Perlman’s nomenclature for the original ARPANET routing algorithm
and call it the ARPANET Distance Vector (DV) algorithm [Per92].

13Will Crowther was the primary implementer of the original ARPANET routing algorithm, and
the solution as implemented is substantially his. Bob Kahn no doubt understood the routing prob-
lem before the rest of us on the ARPANET development team. Bernie Cosell played an important
role in debugging the whole packet-switching software system of which the routing algorithm was
a part. I helped Will, too, as he noted in [CO, page 23]: “...the original [Request for Quotation]
specified fixed routing. I looked at the and said, ‘That’s going to be terrible.” So Dave and I
worked out how to do variable routing.”

141 sketched this example from memory and didn’t look up one of the written descriptions,
e.g., [Wal72]. Also, I have not checked it carefully enough to be sure there are no errors; and, since
it is only a sketch, I have not worried about many details. I know of no copy of the 1969 assembly
language listing of the algorithm implementation; I do know of a 1973 copy of the listing as the
algorithm was implemented then. The actual implementation included code to deal with declaring
links dead or alive, waiting long enough before beginning to transmit routing information after a
node starts to make sure the rest of the nodes had declared it inaccessible, gathering good route
information before starting to route, and so forth.
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%Built-in constants
this-node Y%number of this node
N = maximum number of nodes in the network %63 in 1969 ARPANET

#Data structures

vector dv[i] ‘distance vector has an element for each possible node i

vectors dvnlk,i] %there is a distance vector from each neighbor k with

%an element for each possible node i

vector w([k] %there is an element for the distance this node adds
%via link k; in ARPANET two distance measures were
#maintained: a) adding one for each node (used to
%discover connectivity); b) adding the queue length
%for the link (used for routing)

vector route[i] %link for shortest path to destination i

%Initialization at node start-up
for i =1 to N, dv[i] « oo

%Asynchronous arrival of a distance vector from a neighboring node
%over link k; this must not be interrupted by the following
fperiodic routine and vice versa
for i =1 to N

dvnl[k,i] < element i of distance vector that arrived via link k
end for
%end asynchronous routine

%Periodically executed routine
%approximately every .625 seconds in 1969 ARPANET
for each active link k to a neighboring node
for i =1 to N
dvnlk,i] « dvn[k,i] + w[k] Yreplace w[k] by 1 for hops only
end for
end for each
for i =1 to N
dv[i]l < min{dvn[k,i]l} over each active link k
route[i] « value of k which minimized prior calculation
end for
dv([this-node] « 0
for each active link k, send vector dv out the link (to a neighbor)
%end periodically executed routine

%Routing routine

if destination = this-node, this is the destination; done

if d[destination] in hops < N+1, route via link route[destination]
else there is no route

FI1GURE 3. Sketch of the ARPANET distance vector algorithm, ca. 1969




e It is quite different than traditional (non-distributed) Bellman-Ford. Com-
pare equations 7-9 with Figures 2 and 3. The algorithms have only the
minimization term from Bellman-Ford in common, and this inequality is so
basic that, in my view, it follows from first principles.'®

e As I remember what happened, the ARPANET development team made up
its algorithm without doing much of a literature search (because of the time
pressure the team was under and how intuitive the algorithm is once you
are in a parallel processing frame of mind).®

e To the extent that the distributed asynchronous ARPANET DV algorithm
(what Bertsekas and Gallager called distributed asynchronous Bellman-
Ford) has similarity to an earlier algorithm, it seems closer to Moore’s
algorithm than to Bellman’s because it processes the nodes and edges in in
order moving from neighbor to neighbor away from the destination.'”

From my (admittedly biased) viewpoint, the original ARPANET DV algorithm was
innovative in its own right:'®

L5For me, the significant distinctions between the four shortest path algorithms noted in Deo
and Pang’s bibliography (see page 1 of this paper) are the order in which each processes and
reprocesses the nodes and edges—not the specific arithmetical comparison each algorithm uses.

16The Request for Quotation (RFQ) to develop the ARPANET packet-switch [ARP68] asked the
contractor to design the ARPANET routing algorithm. The RPQ did include an example algorithm
which we read as not very dynamic, based on complete knowledge of the network configuration at
a central control facility, and updates from the central facility to the individual packet switches.
Of course, a through search of the literature is always a good idea; but even if we had done one,
I’'m not sure it would have made much difference in what we originally implemented in the time
available.

17T am not fond of the argument that, because Ford’s algorithm says “search for an arc such
that 7(x) + a(z,y) < m(y)” until there are no more such arcs to be found (and says nothing
about the order of processing or even whether it is serial or parallel), it is fair to call the ARPANET
DV algorithm a version of Ford’s algorithm. By this reasoning, Bellman’s algorithm, Moore’s
algorithm, and perhaps even Dijkstra’s algorithm are but special cases of Ford’s algorithm which
came first in the archival literature. I gather that it is acceptable in the linear or dynamic
programming world to leave such “details” to the computer programmer. However, such thinking
seems a little of bizarre to me. To me (a computer programmer), the order of processing, how
comparisons are made, the way things are summed, the manner of detecting completion, etc., are
the essence of what makes an algorithm.

18While the ARPANET DV algorithm is widely disparaged these days as a method of routing
in a rapidly changing network, in fact it worked well over the first several years of ARPANET
history when network loads were low. Furthermore, similar algorithms are still in widespread use
today, e.g., in the RIP class of routing algorithms, EGP, etc. And many, if not most, courses or
books on algorithms, network routing, or parallel processing highlight this method, often without
mentioning its creation as part of the ARPANET implementation. The follow-on distributed routing
algorithm used in ARPANET, developed primarily by McQuillan [MRR79] (incorporating Dijkstra’s
algorithm [Dij59]) is typically highlighted next in the books and courses. Called the ARPANET link
state Ls algorithm by Perlman [Per92], this algorithm was the prototype for ospr. (While is was
no longer for ARPANET, the ARPANET routing code (McQuillan’s version) was changed in one more
significant way in the late 1980s [KZ89].

In general, I think there is too much focus on “named algorithms” from the archival literature.
For instance, many books and courses describe the ARPANET LS routing algorithm as an imple-
mentation of Dijkstra’s algorithm. However, as McQuillan has noted, that Dijkstra’s algorithm
was selected for new ARPANET was not the key issue (although Dijkstra is a good shortest path
algorithm). The key to having the ARPANET Ls algorithm be a successful routing algorithm was
to build a routing data base of topology and traffic for the whole net at every node and to build a
complete routing tree at every node. It took a lot of careful work to make the distributed routing
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e Each node only needs to know its own number and be able to derive the
number of neighbors it has. The rest of the network topology is implicit in
the actual configuration of nodes and inter-node links.

e The calculation of the shortest path to a given destination is done in the
sensible efficient order, spreading neighbor by neighbor from each destina-
tion to all sources.

e The shortest paths to all destinations are calculated in parallel (the elements
d; are the distances to the different destinations—the elements d; as used
in Bellman'’s algorithm are spread across all the nodes).

e If the calculation is run continuously, there is no need to synchronize cal-
culations of the nodes and the algorithm automatically adapts to changes
in node and edges as long as these changes don’t happen faster than the
routing information can propagate.'?

It is too bad that we didn’t publish a paper in an appropriate theoretical journal
in 1969 or 1970.

In a parallel universe where parallel processing was always the way computing was
done, I'm sure Bellman, Dijsktra, et al., would have come up with, back in the 1950s
and early 1960s, something like the ARPANET distance vector algorithm. However,
if the parallel universe then moved to uniprocessing, I doubt the Bellman-Ford
algorithm would have been what the parallel processing version evolved into. I'm
guessing it would have been something more like a cross between the algorithm of
Figure 3 and the algorithm of Figure 4.

data bases reasonably accurate and coherent including better means for measuring network delay
and flooding for disseminating the information in a reliable and efficient manner. Other shortest
path algorithms could have been substituted for Dijkstra’s in the ARPANET LS routing system, e.g.,
Ford’s, Bellman’s, or Moore’s algorithm.

19If the network changes configuration or load and then no change happens again until the
shortest path calculation has had time to settle, it is reasonably obvious that this algorithm
calculates the shortest path. For instance, suppose a given node goes down; it will no longer send
its neighbors distance vectors with a zero as the distance to itself. Thus in time, as each node
adds its own contribution to the distance to the down node and passes it on, all up nodes will
detect that the down node is farther away than the maximum path across the network and will
stop routing to it. If the down node then comes alive, it will again put zero in its own position in
the distance vectors it sends, to which neighboring nodes will add their distance contribution and
pass it on. In time, every node will know its distance to the now alive node. Of course, how the
algorithm reacted in the face of rapid changes was the question that led to its total replacement
in the ARPANET and to many improved variations that a variety of authors have written about.

That the ARPANET DV algorithm had no check for termination is cited by some as a problem with
the algorithm. I don’t see why, in a static network like non-distributed Bellman-Ford is assumed
to operate on, the ARPANET DV algorithm couldn’t have a similar termination criterion. In a
dynamic routing situation, maintaining the network topology on each node provides termination
data unavailable to the ARPANET DV algorithm.
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APPENDIX—SKETCH OF MOORE’S ALGORITHM

T haven’t taken the trouble to try to code up this algorithm in a real programming
language to try it out, so there may be errors in the algorithm shown in the figure.

%The data structures for this algorithm are a single vector d,
% a vector ne of lists of neighbors, and a queue q used to
% order the processing of the neighbors from the source s.

%Initialize for the source s
for each node i from i = 1 to n %n is number of nodes
do
d[i] « o
end do
d[s] < 0

%Initialize queue

current-node-ptr « 1

gqlcurrent-node-ptr] « s %start with source node
end-of-queue <« 2

%Compute the distances from s to all other nodes
do while current-node-ptr < end-of-queue
node <« gl[current-node-ptr]
do for each neighbor in ne[node]
if d[node] + w[node,neighbor] < d[neighbor] then
d[neighbor] « d[node] + w[node,neighbor]
glend-of-queue] <« neighbor
end-of-queue <« end-of-queue + 1
end if
end do for each
current-node-ptr < current-node-ptr + 1
end do while

FIGURE 4. Sketch of an implementation of Moore’s algorithm
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